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ESTIMATES FOR THE CORONA THEOREM ON H^(B) 


DEBENDRA P. BANJADE 


Abstract. Let I be a proper ideal of We prove the 

corona theorem for infinitely many generators in the algebra (D) 
This extends the finite corona results of Mortini, Sasane, and Wick 
[5]. We also provide the estimates for corona solutions. Moreover, 
we prove a generalized Wolff’s Ideal Theorem for this sub-algebra. 


1. Introduction 

Let D := {z G C : |z| < 1} be an open nnit disk in the complex 
plane C and R°°(D) be the set of all bonnded analytic fnnctions with 
the norm ||/||oo = snp|/( 2 ;)| < cxo. In 1962, Carleson proved his famons 

zGB 

corona theorem which states that the ideal, X, generated by a hnite 
set of fnnctions C iL°°(D) is the entire space if°°(D), if for 

some e > 0, X]r=i l/*(^)P — ^ 2 ; G D. In 1979, Wolff gave a 

simplihed proof of Carleson’s corona theorem, which can be fonnd in 
[3], that made nse of R^-Carleson’s measnres and Littlewood-Paley 
expressions. Both Carleson and Wolff provided the bonnds for corona 
solntions depending on the nnmber of fnnctions n. Later, Rosenblnm 
[13], Tolokonnokov [20] , and Uchiyama [20], independently, extended 
the corona theorem for inhnitely many fnnctions, where as the best 
estimate for the corona solntion was dne to Uchiyama as follows: 

Corona Theorem. Let C with 

00 

0 < ^ < 1 for all 2 : G D. 

i=l 

Then there exist C i7°°(D) such that 

00 

= 1 for all z G D 

i=l 
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and 



The main purpose of this paper is to extend the corona theorem for 
inhnitely many functions in Moreover, we provide the esti¬ 

mates for the corona solutions. This will completely settle the conjec¬ 
ture of Ryle [U] . 

The algebra, of our interest is dehned as follows: 

Let I be any proper closed ideal in iL°°(D), and dehne 

:= {c + 0 I C e C and 0 e I}. 

Then Lfj°°(D) is a sub-algebra of i7°°(D). We regard (iLj°°(D ));2 as a 
sub-algebra of where iL“(D) is a sequence of bounded analytic 

functions. Also, for F = (/i, 02,...), fj G H°°(JD>), we use the norm 



In [8], Mortini, Sasane, and Wick proved the corona theorem for 
hnitely many generators in iLj°°(D). In fact, [S] provided the estimates 
on the solutions gj in terms of the parameters e and n (the number of 
functions fj). In this paper, we prove an analogous result of Uchiyama 
for the sub-algebra by removing the dependency of estimates 

on n. 


Let / G Hf°(B)), say f{z) = c + f^z), for 0 G I and c G C. For 
simplicity, we use the notation: f{z) = /c -f 0/(2:), where and 

0/ G I. Similarly, let F = (/i, 02,...), fj G iLj°°(D). Then for z G ©, we 
write F{z) = F^F friz). 

We are now ready to state our Main Theorem, which extends to the 
corona theorem for inhnitely many functions in H^{3). 

Theorem 1.1. Let F{z) = {fi{z), f 2 {z), ■ ■ ■), // G H^(D) and 

0 < < F{z)F{z)* < 1 for all 2 ; G ©. 

Then there exists U = {ui{z),U 2 {z), ...), u/ G Hf°(JD>) such that 

{a) F{z)U{z)'^ = 1 for all z& ID) and 
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In order to generalize the corona theorem, it is natural to ask if the 
corona theorem still holds true if we replace the lower bound, e, in the 
corona condition by any functions. Namely, let h, fi, f 2 , ■■■, fn ^ 

H°°{3) such that 

n 

\h(z)\ < y: < 1 for all 2 ; G D. (1) 

i=l 

Then the question is does ([T]) always implies h G X(/i, / 2 ,..., /n), ideal 
generated by fi, f2,frJ Of course, ([T]) is a necessary condition, but 
the counter example provided by Rao [12] suggests that it is far from 
being sufficient. 

Rao’s Counter Example-. If Bi and B 2 are Blaschke products with¬ 
out common zeros for which inf (|ili(^)| -f |i? 2 (^)|) = 0, then \BiB 2 \ < 

^gd 

(|Ri|2 + iRaH , but R 1 R 2 iX{BlBl ). 

However, T. Wolff’s beautiful proof (see [5], Theorem 2.3 in page 
319) showed that the condition ([1]) is sufficient for h? G X(/i, / 2 ,..., fn)- 
Wolff’s Theorem can be rephrased as follows: 

Wolff’s Theorem. LetF{z) = f 2 {z),..., fn{z)), fj G he 

//“(©). If 


\h{z)\ < \/F{z)F{z)* for all ^ G ©, 

then 

h^eliif,}]^,). 

But, it was shown by Treil |2l] that this is not sufficient for p = 2. 

Many authors, independently, have considered this question, includ¬ 
ing Cegrell [2], Pan [II], Trent [23], and Treil [22], for p = 1. We refer 
this as a problem of “ideal membership.” It is Treil who has given the 
best known sufficient condition for ideal membership. We state Treil’s 
Theorem as follows: 

Ideal Theorem (Treil). Let F{z) = {fi{z), f 2 {z),fj G 
F{z)F{z)* < 1 for all z G D, and h G such that 

F{z)F{zy fj {F{z)F{zy) > \h{z)\ for all ^ G D, 

where y : [0,1] —)■ [0,1] is a non-decreasing function such that ^^dt < 
00 . Then there exists G G if “(IP) such that 

F{z)G{z)^ = h{z), for all 2 ; G ©. 
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An example of a function 'ijj that works in the case when F{z) is an 
n-tuple, n < oo, is 

^ (lnt-2)(ln2t-2)... (Wt-2)(ln„+it-2)i+^’ 
where Infc(t) = In In and e > 0. 

k+1 times 

Applying Treil’s result, we extend the analogue of “ideal theorem” 
on Recall that is a sub-algebra of Also, for 

F = Ifi, A, •••), fj = fci + (t>fj e H^(p), we denote F = -f (pp- In 
the case that Fc = 0, several authors have given sufficient conditions 
for ideal membership, for example, see 0. 0. and [13] • For the case 
Fc 7 ^ 0, we provide the following theorem: 

Theorem 1.2. Let F{z) = {fi{z), f 2 {z),...), j) G such that 

Fc 7 ^ 0, and suppose 

\h{z)\ < F{z)F{zyij {F{z)F{z)*) < 1 for all ^ e D, 

where ip is the function given in Treil’s theorem. Then there exists 
V = (vi(z),V 2 (z ),...), Vj E Ff°(D) such that 

{a) F{z)V{zY = h{z) forallzEV) and 

WI|r|U<c„(^i + ijF^, 

where Co is the estimate for the H°°(JD)) solution obtained in [22]. 

Corollary 1. Let F{z) = {fi{z), f 2 {z),...), fj E Hf°(D) such that 
Fc y 0, and suppose 

\h{z)\ < \/F{z)F{z)* < 1 for all z eB). 

Then there exists V = {vi{z),V 2 {z ),...), Vj E Hf°(B)) such that 
{a) F{z)V{z)^ = h^{z) forallzEB and 

W Ill'll" 2 C'i(i + ]j^)' 

where C\ is the estimate for the solution obtained in [23] . 

2. Preliminaries 

In this section, we discuss the method of our proofs and also pro¬ 
vide some required lemmas. To prove Theorem 11.11 and Theorem 11.21 
in we hrst hnd the corresponding solutions in the bigger al¬ 
gebra Then we add some correction terms on the F°°(D) - 

solutions to get the required solutions in our smaller algebra 
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For example, provided the corona condition, using Uchiyama version 
of corona theorem, we can easily hnd a solution G in (if°°(D ));2 such 
that F{z)G{zY' = 1 for all z E B). But, our goal is hnding a solution 
U G (h/'j°°(©))p such that F{z)U{z)'^ = 1 for all z G D. For this, if 
we can hnd an operator Q so that Mq{H°°{B)))i 2 C (Fr°°(D ));2 and 
for all z G ©, Ta.nQ{z) = ker F{z), then we can construct the required 
solution U as 

:= G^ + 

with a right choice of X G (if°°(D))p. This solves our problem as 
follows: 

F{z)U{zf = F{z)G{zf = 1, for all ^ G ©, 
and the proper choice of X will make U G . 

The next lemma is a linear algebra result which gives us the desired 
Q operator and so enables us to write down the most general pointwise 
solution of F{z)U{zY' = 1. This lemma can be found in Ryle -Trent 
[16], but we provide a proof for convenience. 

Lemma 2.1. Let G and A = (oi, 02 ,.. .) G C). Then 

there exists a matrix Qa of order 00 x 00 such that the entries of Qa 
are either +aj or 0 and Qa satisfies: 

ranQ^ = ker A (2) 

and 

{AA*)Ii2 — A*A = QaQ*a with ||Qyi||e(z2) < H^dHp. 

Also, if {dj}°Li G P and D = {di,d 2 , ■ ■ ■), then 

{AD^)Ii2 - D'^A = QaQI. (3) 

Following few examples should be helpful to understand the Lemma 
[O in a simple way. 


Let/1,/2,...,/. Gi/' 

For n = 2 , F = [/i /a], Qf = 


and hx 2 ; G 
/2 ■ 

-/l 


Thus, {FFQh - F*F = 


W -flf 2 

/2/1 l/lP 


TakeF=[/i /2,..., /.]. 


— QfQ*f- 


Also, for any D = \di ^2], 


{FD^)l2 - D'^F 


/ 2<^2 ~dlf2 

~C?2/l fidi 


QfQd- 
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Similarly, for 

n = 3, 

we 

take F 

= [A 

A A] 

So, 









■/2 

/s 

0 ■ 





Qf = 

-/l 

0 

/s 






0 

-h 

-/2. 





And, for n = 

A,F = 

[A 

A A 

A] 

and 


■/2 

/s 

A 

0 

0 

o' 


Qf — 

-h 

0 

0 

-/i 

0 

0 

A 

-A 

A 

0 

0 

A 



0 

0 

-A 

0 - 

-A 

A 



Form the above pattern, it is easy to see that the operators Q^’s 
can be constrncted inductively. Also, it is clear from (3), applied to 
A = F(z) and Qd = Qf(z), that ran Qf(z) = ker F(z). 

We are now ready to prove Lemma 12.11 


Proof of Lemma \2.1[ For k eN, define 


0 

0 

0 ..." 

C/c+l 

Cfc+2 

Cfc+3 • • • 

Ck 

0 

0 ... 

0 

Ck 

0 ... 

0 

0 

Ck ■ ■ ■ 





Multiplying Ak by we get 


AkA 


* 

k 


0 ... 0 0 0 0 

: 0 ; : : : 

0 ... 0 0 0 0 

0 ... 0 \^j\ ^k^k+2 

0 ... 0 -c/,4+2 0 

0 ... 0 0 \^k\ 
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Hence, 


E 

k=l 


AkAl = 


-C 2 C 1 

-C3C1 


-C 1 C 2 

Ea:7^2 

-C 3 C 2 


“ 'C.P 


E 


-C 1 C 3 

-C 2 C 3 


Thus the required operator Qa can be dehned as 
Qa = [^ 1 , ^ 2 , ••••] £ t^). 

We note that (13]) follows in a similar manner. 


CC*Ii2-C*C. 


□ 


We also need the following key lemma. 

Lemma 2.2. Assume that C and 

00 

0 < ^ |/jE)|^ < 1 for all z G ©. 

i=i 


Then 


and 


(a) r <f,f: = Yl\r/<I 

i=i 

(b) ||0f||oo = sup <2. 


zGl 


Proof. Since for all ;7 G D, 

00 

< 5^14 +0/, (^)P < 1, 

i=i 

we have that for each W G M, 

N 

1^' - 1- 
i=i 

\N 


But, C I and I is a proper ideal, so by the corona theorem 

N 




i=i 
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This means that for each N 

N CO 

|/c, r < and hence ^ < 1. 

i=i i=i 

Thus, (b) holds, since for 2 ; G D 

1 11 . 

( CX> \2/cXD \2/oO \ 2 

+0/,(^)rj <2. 

Now by the Rosenblum- Tolokonnikov-Uchiyama version of the corona 
theorem, since {0/^ }^! C I and I is a proper closed ideal and 
sup ^^1 < 2 < 00 , we have 

^eD 

00 

i=i 

Thus there exist {zk}'k=i C D so that ^lim = 0. 

Therefore, from 

( 00 \ 2 /oO \ 2 / 00 \ 2 

i/c,+, 

we deduce that 

00 

i=i 

So (a) follows. □ 

Now we are ready to prove our theorems. 

3. The Proofs 

Proof of Theorem \l.l[ Let F G (iLj°°(D))j 2 , and suppose 

0 < < F{z)F{z)* < 1 for all z G ©. 

Then we know that there is a corona solution for F, say G, which lies 
in (i /°°(©));2 such that 

F{z)G{z)^ =1, for all z G D and 

l|G||o„<|'“(?)■ 
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Our aim is finding U G (i/j°°(D ));2 such that F{z)U{z)'^ = 1 for all 2 ; G 
D. For this, we construct a new solution by adding a correction term 
to G{zf. 

Write F{z) = F^ + where F^ = {fci,fc 2 , •••} ^ and (pp = 

{0/i) 0/2) •••} ^ 

Using ([3]), we have that 

Jp = {F{z)G{zf)I = G{zfF{z) + 

This implies that 

Ip = G{z)’^Fc + Qf(z)Qg{z) + ( 4 ) 

Applying F* to (H]), we get 

F: = GizfF^F: + QFiz)Ql^z)F: + G{zYMz)F:. 

Also, from Lemma 2.2, we know that ||Fc||^ > 0, so 

= G(zf + + G(zfM^)-Yw 

Thus, 

G{zf + QFwQS(.,-j^ = - G(zfMz)^^- (8) 

Dehne 

U{zY := G{zY + Qf{z)Qg{z) II pV' 

II -^cll 

Using ([2]), we can clearly see that 

F{z)U{zf = F{z)G{zf+F{z)QFiz)Qliz) 7 ^ = F{z)G{zY = 1, for all z G ©. 

II -^cll 

Also, the right side of ( |5]) shows that the solution U is in (iLj°°(D))j 2 . 

For the norm estimate, we have that ||U||oo < Halloo- 

Hence, 


This completes the proof of Theorem 1. □ 

Proof of Theorem M.B . Let F G iL]f°(D); 2 , and suppose 

\h{z)\ < F{z)F{zyij {F{z)F{zy) < 1 for all zeB 
By Treil’s theorem, there exists G G if“(lD)) such that 
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F{z)G{z)'^ = h{z) for all z G D 

and ||G||oo < Cq, where Cq is the estimate for the i;/'°°(ro)-solution ob¬ 
tained in |22j . 

Writing F{z) = Fc + (priz), h{z) = he + 4>h{z) and nsing the relation 
([3]) as in the proof of Theorem 11.11 we get 




G{zf(pFiz)) 



G{z)'^ + QF{z)QGiz) 



( 6 ) 


Dehne 

V{zf := G{zf + OfwOS(.,-T% 

II c\\ 

It’s clear that 

F{z)V{z)'^ = h{z), for all z G 

Since G G (hr°°(D))p and the elements of are in I, the left side of 
the eqnation ([6]) shows that the solntion V is in {F[^(J])))i 2 . 

As in the corona theorem, for the norm estimate, we have that 

||l^||oo < (^1 + IIG'lloo < C'o (^1 + , where Gq is the norm 

of the solntion, G, obtained in |22] . 

□ 


Proof of Corollary m The proof of this corollary follows similarly as 
the proof of Theorem 11.21 by nsing Wolff’s Theorem instead of Treil’s 
Theorem. □ 
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